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Abstract 
Let G = (V,E) be a graph. For a function f :V - -~{-1 ,1} ,  the weight of f is w(f )= 
~-'~,~EV f(v). For a vertex v in V, we define f[v] = ~-~uE.~t~.l f(u). A sioned dominating function 
of G is a function f : V ~ { -  1, 1 } such that f[v]/> 1 for all v E V. The signed domination 
number 7s(G) of G is the minimum weight of a signed dominating function on G. A signed 
dominating function of a weight 7s(G) we call a 7~-function of G. In this paper, we study 
the signed domination problem of general graph, and obtain some lower bounds of the signed 
domination umber of a graph, and show that these lower bounds are sharp, and extend a result 
in Dunbar et al. (1995). (~) 1999 Elsevier Science B.V. All rights reserved 
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1. Introduction 
In this paper, the graphs are unidirectional simple graphs, and for other terminologies 
we follow [2]. 
Let G be a graph, V(G) and E(G) are the set of  vertices and the set of  edges 
graph G, respectively, G is the complement graph of  G. For v E V(G), N[v] = {u ] vu E 
E(G)} U(v}. For S C_ V(G), then G[S] denotes the graph induced by S. I fA,B C_ V(G), 
AAB = 0, let E(A,B)= {uvluvEE(G),uEA,  vEB }. A(G) and 6(G) denote the 
maximum degree and the minimum degree of  G, respectively, de(u) denotes the degree 
of  u in G, and Fxl denotes the minimum integer not less than x. 
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Definition 1 (Dunbar et al. [1]; Henniny and Slater [3]). Let G = (V,E) be a graph. 
For a function f :V~ {-1 ,  1}, the weight of f is w(f )= ~vcv f(v). For a vertex v 
in V, we define f[v] = )-~'~v~s[~] f(v). A signed dominating function of G is a func- 
tion f : V ~ { -  1, 1 } such that f[v] >/1 for all v C V. The signed domination umber 
ys(G) of G is the minimum weight of a signed dominating function on G. A signed 
dominating function of weight ys(G) we call a ys-function of G. 
Remark. If we change the set { 1, -1  } of the above definition to {0, 1 }, then f is the 
dominating function and 7s(G)---7(G) is the domination umber of G. For the domina- 
tion number of the graph, there have been many results, but for the signed domination 
number, the results are very few. Dunber et al. [1] have proved the following theorem. 
Theorem A. For any k-regular graph G of order n, have 7(G)>~n/(k + 1). 
In this paper, we dicuss the signed domination number of a common graph, and 
obtain some different lower bounds, and show that the lower bounds are sharp, and 
based on these results, we extend Theorem A. 
2. Main results 
Theorem 1. For any graph G of order n, we have 
ys(G)>~2 [ -1  + ~ ] - n  
and this bound is sharp. 
Proof. Let f is a 7s-function, A = {rE V(G)]f(v)= 1}, B - -  V(G)\A.  Let [A] = t, 
then IB] = n - t and ys(G) = [AI - [B] = 2t - n. 
For all u E B, by Definition 1, we know that IN[u] NAI/>2, hence IE(A,B)[ >~2(n-t), 
so there exist at least one vertex v E A such that v is at least adjacent o F2(n - t)/t] 
vertices of B. Hence IN[v] NAI >~ 1 + [2(n - t)/t], so 
t = lA] >>. [ 2(n - t) l t______) ? +l~>2(n-- t  +1.  
By the above inequality, we deduce that 
-1 +x/1 +8n 
t>~ 
2 
Because t is a nonnegative integer and 7s(G) = 2n - t, hence the conclusion is true. 
We now prove that for any positive integer n, there always exists a graph G of order 
n for which the bound is sharp. 
If n = 1,2, this case is trivial, then let G- -Kn,  the conclusion is true. 
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Assume n >~ 3, let t = [ ( -1  + ~) /21 ,  then we construct a graph G as follows: 
Let G be a graph obtained from Kt UK,-t by joining each vertex of  K,-t to a pair 
of  vertices of  Kt in such a way that each pair in Kt is joined to at most one vertex in 
K,-,. Note that this construction is possible since n - t ~< (~). G is a graph of order n 
and with n -  t vertices of  degree 2. Define function f :V (G)~ {1, -  1} as follows: 
-1  for vE V(K,,-t), 
f(v) = 1 for vE V(K~). 
It is not difficult to prove that f is a signed dominating function of  G. Hence 7s(G)~< 
t - (n - t) -- 2t - n. However, by Theorem 1, 7s(G)>>-2t - n, consequently, 
7s(G) = 2t -  n. [] 
Theorem 1 shows that the lower bound cannot be improved. In the following process, 
combining the number of edges with the maximum degree, we discuss the lower bounds 
of  the domination umber of a graph. 
Theorem 2. For any graph G, n = [V(G)I, m = IE(G)[, then 7s(G)>~n -2 /3m.  
Proof. We use the notation introduced in the proof of  Theorem 1. Obviously [E(A, B)I>~ 
2(n -  t). Consider the number of  edges of  graph G[A], for all v EA, because 
f(u)>~ 1. 
uEN[v] 
Each vertex of  A is adjacent o at least as many vertices in A as in B. Hence the sum 
of the degree of a vertex in A is not less than [E(A,B)I, that is 
2IE( G[A])I >t IE(A,B)I ~>2(n - t). 
Hence 
m>~ IE(G[A])I + IE(A,B)I >~n - t + 2(n - t). 
By the above inequality, we deduce that t >~n- l/3m, hence 7s(G)= 2t -  n >~n- 2/3m, 
so Theorem 2 is true. [] 
Theorem 3. For any graph G of order n, then 
7s(G) >~ 6(G) + 2 - A(G) 
6(G) + 2 ~ A(G) n" 
Proof. Let f be a 7s-function of G, A = {rE V(G)lf(v) = 1}, B = V(G)\A. Let 
IAI -- t,then IB[ = n - t and 7s(G) = [A[ - IBI = 2t - n. 
For all v E V(G), because ~--~'~,eN[~,] f(u)>>- 1, hence 
IN[v] [~AI - IN[v] NB]/> 1. 
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On the other hand, because 
INEv] AAI + INEv] fqBI = INEv] l /> 6(6)  + 1, 
hence IN[v]NAI>~6(G)/2 + 1. Note that the left-hand side of  this inequality is an 
integer, that is IN[v] NA I >1 [5(G)/2] + 1 Hence 
~,N[v]NAI=IE(A,B)I>>-~ ([f(~G2 )I + I ) 
t'EB vEB 
i.e., ]E(A,B)]>>.([6(G)/2 7 + 1) (n -  t). Note that ]A] = t, so there exists at least one 
vertex u in A such that u is adjacent to r([6(G)/2] + 1)(n - t)/t] vertices of  B. Because 
~,'cN[,] f(u')~> 1, SO U is adjacent o at least r(r6(G)/2] + 1) (n -  Off] of A, then 
A(G)>~d6(u)>~2 [ (rf(G)/2]+t 1)(n - t)]  >/ (6 (G)+t2) (n - t )  
we derive that t >>.(f(G) +2)n/(6(G) + 2 + A(G)), hence 
~s(G) = 2t - - 6(G) + 2 - A(G)n n 
Combining the above process, Theorem 3 is true. [] 
Easy to see that the Theorem A is a special case of  Theorem 3. 
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